Summary of results.
Most of our conclusions will be stated for smooth involutions. Some remarks regarding analogs for other categories of Z 2 -manifolds are included immediately following the main part of this summary.
Roughly speaking, an equivariant surgery problem in our context is an equivariant degree 1 map /: X -> Y between two smooth Z 2 -manifolds together with some additional technical data. Our main objective is to modify / by a process called equivariant surgery in order to obtain a new equivariant map /': X f -> Y' that is a homotopy equivalence (but not necessarily a Z 2 -homotopy equivalence). Such maps are called pseudoequivalences in [13] .
To be more precise, our equivariant surgery problems will satisfy some additional restrictions. The reasons for the extra conditions will be discussed immediately following the definition.
Notation. Given a map f: X -> Y between two smooth Z 2 -manifolds, let F a denote the components of the fixed point sets of 7, and let E a denote the union of all components of the fixed point set of X that are mapped into F a by /. The map induced by / from E a to F a will be called f a .\ίb:
£ -> η is a vector bundle isomorphism covering the identity on X then the restriction b a of b to E a splits into a direct sum b a ( + ) θ b a ( -) 9 corresponding to the eigenspaces of ± 1 (note that Z 2 acts on each fiber as a linear involution and thus induces a fiberwise decomposition into eigenspaces). Finally, we define NE a to be the normal bundle of E a in X. DEFINITION . Let /: X -> Y be a Z 2 -equivariant map of degree 1 between smooth, compact, 1-connected Z 2 -manifolds. Let ξ be a Z 2 -vector bundle over Y and b: TX -> f*ξ a stable Z 2 -vector bundle isomorphism. Finally, for each component F a of the fixed point set of Y let η a be a vector bundle over F a9 let c a : NE a -»/ ft *τj α be a vector bundle isomorphism, and let c a be a stable equivalence between c a and b a {-).
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Set c equal to (c, c) . The data (/, b, c) will be called a Z 2 Many of these conditions are standard in surgery theory. For example, the dimension restrictions are the ones needed to carry through the usual surgery-theoretic techniques, and the low-dimensional assumptions are designed to ensure that everything is already satisfactory on such components. The conditions involving fixed point sets are necessary for the existence of a pseudoequivalence. Normal maps always involve some additional bundle data, and the Z 2 -vector bundle map b corresponds exactly to what one has in the nonequivariant case.
The role of the unstable data c is more subtle. In nonequivariant surgery theory there is an important characterization of normal maps in terms of homotopy-theoretic invariants (compare [4] or [30] ). This follows from the basic transversality theorems for maps of manifolds. If an equivariant map / is constructed by equivariant transversality, then the information in c is given fairly explicitly (compare [13] ). More generally, the information carried by c is needed to ensure that equivariant normal maps are characterizable by reasonable equivariant homotopy-theoretic invariants arising from equivariant transversality; abstract classifying spaces for these invariants may be produced using results of F. Connolly and V. Vijums [9] . Independent work of P. Lόffler provides detailed classification information in an important special case (see [21] , Korollar 2.8, p. 297).
In many cases it is possible to construct c from / and b, and under a slight strengthening of the Gap Hypothesis there is an essentially unique way of doing so. We shall discuss these points in §4. In contrast to this, there is no simple a priori condition for recovering c in the analogous surgery theories for locally linear piecewise linear or topological actions. The reasons for this will be discussed at the end of §4.
There is a natural notion of normal cobordism associated to the above definition of Z 2 -normal map; as in nonequivariant surgery, if two normal maps are related through a sequence of surgeries then the maps are normally cobordant. For the sake of completeness, a normal cobordism is defined to be a map of triads from (W, X θ9 X λ ) to 7 X [0,1] such that the restrictions to the X x are normal maps and the map on W satisfies all the conditions for a normal map except perhaps the last.
We shall need a general position assumption that is close (but not identical) to the standard Gap Hypothesis. A connected smooth Z 2 -manifold M will be said to satisfy the Borderline Gap Hypothesis provided the dimension of the fixed point set is at most \ dim X and there is exactly one component of the fixed set whose dimension is actually equal to \ dim X. Such a component will be called a dominant component. For some results the existence of a dominant component is crucial (e.g., Theorem B).
The first step in Z 2 -surgery is to adjust the induced map of fixed point sets. By Smith theory, if the map is a pseudoequivalence then the induced map of fixed point sets must be a Z 2 -homology equivalence. Thus the first order of business is to see if one can modify / to make the map of fixed point sets a Z 2 -homology equivalence. We shall say that a Z 2 -surgery problem is adjusted if the induced map of fixed point sets induces an isomorphism in Z 2 -homology. The problem of converting a normal map into an adjusted map is basically a question in nonequivariant surgery theory, and it can be answered using the homology surgery theory developed by S. Cappell and J. Shaneson [7] . Specifically, the discussion of §2 yields the following conclusion: The Γ-groups for homology surgery are those defined by Cappell and Shaneson in [7] .
In some cases not all of the assumptions on (/, b, c) are needed. Some specific comments in this direction appear in §2.
The second step in Z 2 -surgery involves modifications on the complement of the fixed point set (i.e., the set of free orbits). This process has been described in [11] ; the surgery obstructions arising in that paper need to be reconsidered in order to accommodate the more general assumptions here. At this point it is important that there is one fixed point component of half the ambient dimension. There are two separate cases depending on whether dim X is congruent to 0 or 2 mod 4.
Let (/, b, c) be an adjusted Z 2 -normal map whose underlying degree 1 map is /: X -> Y. Denote the dominant components of the fixed point sets of X and Y by X o and Y o respectively. By assumption the induced map f 0 : X Q -> Y Q is a Z 2 -homology equivalence and consequently has an odd degree; this degree is well-defined up to sign and will be called d. 
Here T represents the generator of Z 2 , and the equivariant signature invariants sgn(Γ, Y) and sgn(Z 2 , X or Y) are defined in the standard fashion as in [11] . Theorem A o was stated and proved in [11] Special cases of this result were mentioned and used in [12] and [19] .
We shall now consider adjusted Z 2 -normal maps in the (4 k + 2)-dimensional case. Two invariants are relevant. The first is the Arf invariant C(/, b, c) of the ordinary normal map obtained by forgetting the involution. To describe the second invariant, make / connected up to the middle dimension by surgery on the free part. As in [11] The proofs of Theorems A o , A 2 , and B will be discussed in §3.
One can also attempt to modify a normal map to an equivariant homotopy equivalence rather than merely a pseudoequivalence. In this case each of the induced maps on fixed point components must be converted into a homotopy equivalence. Consequently, one needs an additional assumption that the degree of each induced map be ±1. Furthermore, we must also assume that the map on the boundaries is an equivariant homotopy equivalence. A normal map that satisfies these restrictions will be called a normal map of type h or an h-normal map. For normal maps of type h we have the following conclusion: In §3 we shall indicate how one can modify the proofs of the preceding results to establish this theorem. The notation in part (i) is parallel to that of (1.2), with w a denoting the first Stiefel-Whitney class of F a , L h the obstruction group for surgery up to homotopy equivalence, and σ h the algebraic obstruction for surgery up to homotopy equivalence.
Similarly, one can attempt to modify a normal map to a simple equivariant homotopy equivalence in the sense of [17] or [27] rather than merely an equivariant homotopy equivalence. Equivariant versions of the s-cobordism theorem (e.g., see [14] or [27] ) show that simple Z 2 -surgery is very closely related to the classification of smooth Z 2 -manifolds up to equivariant diffeomorphism. The appropriate notion of normal map in this case (i.e., an s-norrnal map) requires still further assumptions. Specifically, we must also assume the map on the boundaries is a simple equivariant homotopy equivalence. In this case we have the following analog of Theorem C: Notation is basically the same as in Theorem C, with U denoting the obstruction group for surgery up to simple homotopy equivalence and σ s the algebraic obstruction for surgery up to simple homotopy equivalence.
The results above were stated in simplified forms in order to keep the discussion relatively uncluttered. In many cases it is possible to obtain similar results with weaker data. For example, we could consider normal maps whose codomains are Z 2 -Poincare duality complexes. In particular, Theorems A 2 , B, and C generalize. However, Theorem A o uses and Atiyah-Singer G-signature Theorem and thus requires that Y be smooth.
Comparisons to other equivariant surgery settings
It is instructive to compare the preceding results with the corresponding conclusions under the Gap Hypothesis. The obstructions to surgery on the fixed point set remain the same, but under the Gap Hypothesis the surgery obstruction for an adjusted normal map lies in a Wall group L 2w (Z[Z 2 ], w), where w is trivial or nontrivial depending on whether the involution preserves or reverses orientation. This result is contained in many treatments of equivariant surgery theory including [13] , [14] , and [21] .
Much earlier work of W. Browder and F.Quinn yields a setting for equivariant surgery in which the Gap Hypothesis need not be assumed but the normal maps must satisfy some other restrictions [6] . In particular, it is meaningful to apply the Browder-Quinn theory in the setting of this paper, and in fact one can show that, within this setting, every BrowderQuinn surgery problem gives rise to a surgery problem as defined in (l.la-d) above (compare [15] ). It follows that every Browder-Quinn surgery obstruction determines a well-defined surgery obstruction given by one of the theorems stated above. The relationship between these surgery obstructions is discussed in [11] (in particular, see Example 4.13, page 281).
Adjusting maps of fixed point sets.
As noted in §1, the first step in Z 2 -surgery is an attempt to make the map of fixed point sets into an equivalence of the appropriate type. This type depends on whether we are considering surgery up to pseudoequivalence, Z 2 -homotopy equivalence, or simple Z 2 -homotopy equivalence. Although the discussions differ in details, the overall patterns are similar. In particular, the initial portion is identical in all three cases.
Let (/, b, c) be a Z 2 -normal map with /: X -» Y. As in §1 the underlying components of the fixed point set of Y will be denoted by F a and the induced map of fixed point sets will be written as a disjoint union of maps f a : E a -> F a . The conditions on a normal map imply that each E a is nonempty and of the same dimension as F a \ this dimension is denoted by n(a).
If b: TX -> f*ξ is the Z 2 -vector bundle map for the given Z 2 -surgery problem, then as noted in §1 there is a splitting of b\E a into b a ( + ) θ b a ( -) corresponding to the eigenspaces of ±1. The pair (/ α , 6 α ( + )) is then a normal map in the usual nonequivariant sense. By assumption its degree d a is ±1 for surgery up to Z 2 -homotopy equivalence or simple Z 2 -homotopy equivalence, and the degree is odd for surgery up to pseudoequivalence (compare [4] ).
The study of the map of fixed point sets splits naturally into the study of the individual normal maps (/ α , b a ( + )) and therefore when convenient we shall concentrate on some fixed but arbitrary component F a .
At this point the discussion separates into the three individual cases. Since the treatments for surgery up to Z 2 -homotopy equivalence (both ordinary and simple) are the most standard, we shall consider them first.
For surgery up to (ordinary or simple) Z 2 -homotopy equivalence, the goal is to modify the map of fixed point sets into an ordinary or simple homotopy equivalence respectively. The fundamental results of surgery theory imply this is possible if certain surgery obstructions are zero, where B = h for homotopy equivalence and B = s for simple homotopy equivalence. Strictly speaking, we must have n(a) > 5 to apply surgery theory. However, our definitions stipulate that f a be an ordinary or simple homotopy equivalence in dimensions less than 5, and consequently the conclusion in lower dimensions is trivially true by our choice of definition.
For surgery up to pseudoequivalence, the goal is to modify the map of fixed point sets into a Z 2 -homology equivalence. If the degree d a of f a is ± 1, then results of Cappell and Shaneson [7] state that (/ α , b a { +)) can be modified to a Z 2 -homology equivalence if and only if an algebraic surgery obstruction vanishes. The appropriate homomorphism from Z[πJ to Z 2 is the augmentation sending each group element to 1. Definitions of the Γ-groups may be found in [7] , § §1 and 2 (especially pages 285-288 and following Proposition 2.1 on page 296).
In order to treat maps f a whose degrees d a are odd integers but not ± 1, we need the following observation: (2.1) (compare the Theorem on page 284 of [7] ). Let (7, 37) The proof of this result is nearly identical to the proof in [7] for the case d a = ±1. Of course, a few additional remarks are needed. There is no problem making the domain connected; this can be done by adding 1-handles to form connected sums exactly as in the degree 1 case. On the other hand, the usual arguments for making a map 1-connected require some modifications. Degree 1 maps of connected manifolds always induce surjections of fundamental groups, but the corresponding statement for maps of higher degree is generally false. However, even in these cases one can perform low-dimensional surgery to make the domain connected and the map of fundamental groups bijective (compare [15] ). Let C d denote the Serre class of abelian groups whose tensor products with Z[d~ι] are trivial. One can then proceed to make the normal map highly connected mod C d as in the first three sections of [7] , the main change being the need to use the modQ relative Hurewicz Theorem rather than the standard relative Hurewicz Theorem. The algebra involving Λ-homology becomes formally the same as in [7] provided the degree d is a unit in Λ; for example, the relative homology with local coefficients in Λ vanishes except in the middle dimension(s). The middle dimensional surgery kernels with coefficients in Λ may now be studied exactly as in [7] . One easy way to see this (suggested by S. Weinberger) is to replace the fundamental class of (7,37) with d~ι times the usual fundamental class. With this convention the given degree d normal map / induces a degree 1 map in Λ-homology and the discussion in the first chapter of [7] applies word for word.
As in the other cases, one cannot apply the results and methods of [7] directly if n(a) < 4, but on the other hand our definitions require that f a be a homology equivalence in these dimensions, and consequently the conclusion in lower dimensions is once again a tautology by our choice of definition.
It now follows that the induced map of fixed point sets can be converted into an equivalence of the appropriate type if and only if the corresponding surgery obstructions σ a are all zero. However, we need something stronger; namely, the Z 2 -normal map (f,b,c) is Z 2 -normally cobordant to an adjusted map if and only if the obstructions σ a are all zero. This will be a consequence of the preceding discussion and the following normal cobordism extension theorem: Relative version of (1.2) In some cases it is possible to do without some of the usual data. For example, suppose there is a set B of components F β such that each map f β is an equivalence of the desired type. Then it is not necessary to have the unstable bundle data c β for J8EB. In this case one still has surgery obstructions o a for a not in B, and a normal map is normally cobordant to an adjusted map, relative to the boundaries and the components in B, if and only if these obstructions vanish.
3. Surgery on the free part. Once a Z 2 -normal map has been modified to be an equivalence on the fixed point set, the next step is to attempt surgery on the complement (i.e., the free part of the Z 2 -manifold) such that the original map on the fixed point sets is left unchanged. Throughout this section we assume that the Borderline Gap Hypothesis holds.
Let 
in X intersecting F transversely. Then the embedding] is regularly homotopic to an embedding j λ disjoint from F if and only if the image ofj intersects F in an even number of points.
Let x G K m be represented by an embedding j of S m . It is easy to compute the mod 2 number of intersection points in j(S m ) Π F. Let T be the generator for Z 2 , and approximate j by a smooth embedding that is also transverse to Tj. Away from the fixed point set the intersection points for j(S m ) and Tj(S m ) appear in pairs, and thus we obtain the following conclusion: (3. 2
) The mod2 intersection number of F and j(S m ) is given by λ(x, Tx) mod2.

Proofs of Theorems A 2 and B (nonorientable case).
In either case the geometric information implies that the Witt class of the quasi-Hermitian form (K m , λ,μ) is zero. Thus we have an algebraic subkernel N inside K m . Choose a free basis of N> say {e l9 ...,e k }, and represent the e t by smooth embeddings g t . Since λ(e /? 7e;) = 0, the preceding discussion implies that the g t may be chosen so that their images are disjoint from F. The conditions on N also imply that the images of g i and gj may be chosen to be disjoint if / Φ j, and furthermore the images of g, and Tgj may be chosen to be disjoint for all / and j. Therefore we may apply the standard techniques of surgery theory to the embeddings g i and their translates under Γ; if one performs surgery equivariantly along these classes, the standard results of surgery theory imply that the modified map has zero surgery kernel in the middle dimension and is therefore a homotopy equivalence.
Proofs of Theorems C and C s . The argument for Theorem C is similar to the proofs of Theorems A o , A 2 , and B. By Theorem 2.2 an h-normal map is equivalent to an h-adjusted map if and only if the homotopy surgery obstructions of the f a all vanish. The preceding discussion of adjusted maps dealt exclusively with surgery steps that are disjoint from the fixed point set, and therefore the vanishing of these obstructions is sufficient to modify an adjusted h-normal map so that it induces homotopy equivalences on both the fixed point sets and the ambient Z 2 -manifolds. Since the basic results in equivariant homotopy theory imply that such a map is an equivariant homotopy equivalence (compare [3] , Corollary 5.5, p. 11.12), this concludes the proof.
The same sort of argument also proves Theorem C s . By Theorem 2.2 an s-normal map is equivalent to an s-adjusted map if and only if the simple homotopy surgery obstructions of the f a all vanish. As in the proof of Theorem C, the vanishing conditions are sufficient to modify an adjusted s-normal map so that it induces simple homotopy equivalences on the fixed point set components and a pseudoequivalence on the ambient Z 2 -manifolds. Since the Whitehead group of Z 2 is trivial, the modified map is a simple equivariant homotopy equivalence by the standard algebraic splitting of equivariant Whitehead groups (compare Although the information carried by unstable data is redundant for many of our purposes, it seems worthwhile to retain the extra structure for several reasons. First, one needs unstable data to define a notion of equivariant normal map that has a purely homotopy-theoretic interpretation (compare the comments in §1). Second, suitable unstable data cannot always be found if the Gap Hypothesis and the Bounded Gap Hypothesis fail to hold, and the same applies for unstable data with deficiency. Further analyses of Z 2 -surgery obstructions without such hypotheses will almost certainly rely more heavily on the homotopy-theoretic invariants of Z 2 -normal maps, and therefore it seems highly advisable to retain the unstable data c for the sake of uniformity. Additional reasons for discussing unstable data explicitly are mentioned at the end of this section.
We shall begin by considering the existence and uniqueness of unstable data c associated to a map / and stable bundle data b. Both the existence of a choice for c and the classification of all possible choices reduce to standard questions in homotopy theory. In order to state the basic results, we need a substantial amount of notation. As in §1, let /: X -> Y be an equivariant map between two smooth Z 2 -manifolds, b: TX -»/*£ a vector bundle isomorphism covering the identity on X, F a the components of the fixed point sets of 7, and E a the union of all components of the fixed point set of X that are mapped into F a by /. The map induced by / from E a to F a will be called f a . Furthermore, split the restriction b a of b to E a into a direct sum b a ( 4-) Θ b a ( -), corresponding to the eigenspaces of ± 1, and define NE a to be the normal bundle of E a in X. If γ is an m-dimensional vector bundle over a space B, let Prin(γ) denote the associated principal bundle of orthonormal w-frames with respect to some Riemannian metric.
Let q{a) be the dimension of NE a9 and let q(a) + s(a) denote the fiber dimension for the domain and codomain of b a ( -) . It follows that b a (-) induces an C^( α)+5(α) -equivariant map of principal bundles that we shall call B a ( -) [16] ) imply that B a ( -) corresponds to a lifting B* of the associated fiber bundle (-)) X *«<«)) Mn(NE a ) -F a .
KARL HEINZ DOVERMANN AND REINHARD SCHULTZ
Let ψ* be the induced bundle of ψ α under the canonical projection from the mapping cylinder of f a to F a . It follows that B* determines a section of ψ* restricted to E a viewed as a subspace of the mapping cylinder Cyl(/J. Let
Pa : Prin(U-)) X*<,<«)) Pήn(NE a ) -> Prin(U+ ))/<>(<?(«)) be the canonical map induced by projection onto the first factor, and let be the fiber bundle projection determined by the principal O q(Oί)+s(a) -bundle. Observe that the fiber of this bundle is the Stiefel manifold°q {a)+ S {a)/°q{ay In analogy with the preceding paragraph let ω* be the induced bundle of ω a under the canonical projection from the mapping cylinder of f a to F a . It then follows that the composite map p a B* determines a section of co* restricted to E a viewed as a subspace of the mapping cylinder Cyl(/ Λ ).
We can now state the homotopy-theoretic criteria for the existence of the unstable data c a over some arbitrary F a and also the classification of all such choices up to equivalence. This result is a routine consequence of standard results on the reducibility of the structure group of a principal 0^+ 5 -bundle to an 6^-bundle (once again see Cartan [8] or Heller [16] ).
It follows that one can define homotopy-theoretic obstructions to the existence of c a with values in the cohomology groups
in general these cohomology groups involve twisted coefficients (as in all obstruction-theoretic problems). Given two choices c a and c' a one has corresponding obstructions to the equivalence of these choices with coefficients in 77, rather than m i _ v These lead to the following sufficient conditions for the existence and uniqueness of c a \ In each of the cases described above, the obstructions lie in cohomology groups that are automatically zero. It follows immediately that one can always find unstable data c a whenever the Gap Hypothesis holds.
If the Borderline Gap Hypothesis holds, then Proposition 4.2 implies that unstable bundle data can be found over all fixed point components except perhaps the dominant component. Furthermore, data can also be found for the latter except perhaps when m is divisible by 4, the dominant component is orientable, and the degree of the map of dominant components has absolulte value greater than 1. In particular, one can always find unstable data in the settings of Theorems A o , A 2 , B, C, and C o . On the other hand, even if none of conditions (a)-(c) is valid, it is still possible to describe the obstruction to the existence of unstable data over the dominant component very simply. PROPOSITION 
In the preceding notation, assume that the Borderline Gap Hypothesis holds but conditions (a)-(c) above do not hold. Then unstable data c a can be constructed over the dominant component if and only if the Euler class of the normal bundle NE a is divisible by the degree d a of the map f a .
The necessity of this condition is immediate, for if c a exists then NE a is the pullback of some bundle under f a . To see sufficiency, use the fact that the Euler class defines the primary obstruction to lifting from BSO to
Unstable data and values of surgery obstructions
In general there are several choices of c that make (/, b, c) into a normal map. If either the Gap Hypothesis or the Borderline Gap Hypothesis holds, one can use the methods of James and Thomas [18] , Sutherland [29] , or Becker [2] to find reasonable homotopy-theoretic invariants that classify the different choices up to equivalence. It is natural to ask if the equivariant surgery obstructions depend upon the choice of c. In the remainder of this section we shall develop machinery to show that the obstructions are in fact independent of c provided the Gap Hypothesis or the Borderline Gap Hypothesis holds. The key step is to define a slight weakening of unstable bundle data.
Unstable data with deficiencies
We wish to consider unstable data that is defined on only a portion of the fixed point set. In order to do this we need to describe the sorts of subsets on which the unstable data need not be defined. First, we shall only consider closed Z 2 -invariant subsets of locally linear Z 2 -manifolds that are unions of locally linear Z 2 -submanifolds and whose intersections with all components of the fixed point sets are submanifolds. If the ambient manifold has a boundary, we assume the submanifolds are properly embedded (boundary to boundary and interior to interior). Such a union of submanifolds will be called a geometric Z 2~v ariety. Given a locally linear Z 2 -manifold M without boundary, we shall say that a geometric Z 2 -variety P is saturating (or saturates M) if for each compact component C of the fixed point set the intersection P Π C is nonempty. We shall say that P is ksaturating if in addition the inclusion of P c C is ^-connected (hence saturating means O-saturating).
Let /: X -> Y be a degree 1 map and let b be stable bundle data for / as in the preceding discussion. Following the ideas of [14] , we define unstable data with deficiency k to consist of a ^-saturating geometric variety P X Q X with dimension at most k, a (fc-l)-saturating geometric variety R γ c Y with dimension at most (/:-!), a family of vector bundles η a over the F a -R γ , and vector bundle isomorphisms c a = (c a /c a ) defined over the sets E a -P x . Two such objects {P X9 c a } and {P' X9 c' a ) are said to be equivalent if there is a bundle isomorphism over the F a such that the vector bundle morphisms agree over the complement of some Q x containing both P x and P x .
REMARK. If f a is the induced map from E a to F a9 then by obstruction theory there is a unique factorization of f a | E a -P x through F a -R γ up to homotopy, at least if the codimension of P x Π E a is at least three. Since in most cases the dimension of P x will be at most 2 and the dimension of E a will be at least 5, this factorization exists in all cases of interest to us in this paper. We shall denote this factorization of f a \E a~ Suppose now that (F 9 B) gives a cobordism from (/ 0 , b 0 ) to (/ 1? b x ) 9 and let (P n c t ) denote unstable data with deficiency k for (/., b t \ where / = 0,1. The appropriate notion of cobordism for (P i9 c t ) is a pair (£?, C), where Q is a /^-saturating geometric variety of dimension HI and C is unstable data for (F,B) , such that the restrictions to the ends of the cobordism are unstable data of deficiency k and are equivalent to the (P /9 C y ). (Technical note: If we would insist upon (k + l)-saturation for Q, the product of data with the unit interval would not necessarily be a cobordism.)
We define a Z 2 -normal map with A -dimensional deficiency to be a triple (/, b, d) , where / is a degree one map, b is stable bundle data for /, and d is an equivalence class of unstable data with ^-dimensional deficiency. Cobordisms of such objects are defined analogously. If k < k f then there is an obvious forgetful morphism from normal maps with A>dimensional deficiency to those with k '-dimensional deficiency, and of course there are consistent forgetful morphisms from ordinary normal maps to normal maps with deficiencies. The next result says that equivariant surgery theory goes through for normal maps with deficiencies provided the dimensions of the deficiencies are not too large. PROPOSITION Proof. (Sketch) If we do surgery on f a through the middle dimension, by general position we can always choose the embedded spheres to miss the geometric variety on which the unstable data are not defined. Thus for each relevant component F a the surgery cobordism over F a is a product over some neighborhood of P Π E a . Using this and the unstable bundle data on the complement of P one can establish a relative version of the Normal Cobordism Extension Theorem 2.2. This provides all one needs to generalize the proof of (1.2), which deals with the obstructions to doing surgery on the fixed point set; one can proceed similarly to study surgery on the fixed point set for equivariant normal maps of type h or s. It remains to consider possible differences involving equivariant surgery on the complement of the fixed point set. But the entire discussion of this topic in §3 does not use the unstable data at all, and therefore the treatment of surgery on the free part goes through unchanged. Proposition 4.4 implies that equivariant surgery obstructions only depend upon the restriction of unstable data to the complement of a 1-saturating geometric variety. If for some reason we know that one always has unique unstable data with 1-dimensional deficiency for some class of equivariant surgery problems, then it will follow that unstable data is not needed to define equivariant obstructions for all problems within this class. The next result proves a uniqueness theorem of this type provided either the Gap Hypothesis or the Borderline Gap Hypothesis holds. THEOREM are zero for all values of i and u = 0,1. Since d(a) < (n/2), the coefficients vanish unless i = d(a) 4-0 or 1. But for these choices of i we know that the (/ -l)-dimensional cohomology groups of E' a and the /-dimensional cohomology groups of F α ' vanish by the discussion in the preceding paragraph, and therefore the relative cohomology groups vanish by exactness. One has an exact sequence even if the coefficients happen to be twisted because the twistings are given by the homomorphisms of πι(E a or F a ) into Z 2 = Aut(Z), and f a is compatible with these maps.
The conclusions of Theorems
Final remarks
One can also consider equivariant surgery problems for piecewise linear and topological involutions satisfying local linearity; in other words, each orbit has an invariant neighborhood that is equivariantly (piecewise linearly or topologically) equivalent to the total space of a G-vector bundle over that orbit. In particular, equivariant surgery on such G-manifolds is studied in papers of Dovermann and Rothenberg [14] in the topological category and Madsen and Rothenberg [22, 23] in the piecewise linear category when the Gap Hypothesis holds. As one would expect, these theories have many of the same formal properties as G-surgery theory for smooth G-manifolds. However, the results of Madsen and Rothenberg imply that for G = Z 2 the analog of Theorem 4.5 fails systematically in both the piecewise linear and topological categories (compare [ 23] , Section 4, especially Corollary 4.4). Specifically, if V and W are representations of the group G = Z 2 and CAT C denotes the appropriate group of CAT-equivariant automorphisms of the associated unit sphere, then there are no dimension conditions on V that yield good connectivity properties for the join map from CAT G ( V) to CAT G ( V θ W). Thus in the nonsmooth categories one cannot expect to retrieve unstable data for PL or topological Z 2 -surgery from the stable data under an assumption such as the Gap Hypothesis.
Incidentally, the failure of PL and topological bundle stability is basically unique to the prime 2. If p is an odd prime and CAT refers to either the PL or topological category, then Z^-CAT bundle theory has extraordinarily good stability properties resembling those of the classical linear groups and the nonequivariant CAT bundle theories. These results are a central feature in the machinery of Madsen and Rothenberg; specifically, the case G = Z p is treated in [22b], §3, for the piecewise linear category and [22c], §7, for the topological category.
In a very precise sense this contrast between p = 2 and p odd can be seen by comparing the desuspension results for free PL and topological Z^-actions on spheres in the cases p = 2 and p odd (for background information see [30] , Chapter 14A, especially the paragraph beginning on page 184 and continuing to page 185). If p is odd, then free Z p~a ctions usually have unique desuspensions (compare [30] , Corollary, page 219), but if p = 2 then this need not be true (compare [30] , Theorem 14D.4, page 200). The results of [22b-c] on stability may be viewed as multiparameter generalizations of the earlier results on desuspensions in [30] .
